Abstract. In this paper we study the main properties of the Cesàro means of bicontinuous semigroups, introduced and studied by Kühnemund in [24] . We also give some applications to Feller semigroups generated by second-order elliptic differential operators with unbounded coefficients in C b (R N ) and to evolution operators associated with nonautonomous second-order differential operators in C b (R N ) with time-periodic coefficients.
Introduction
In the last years, the study of transition Markov semigroups on spaces of bounded continuous functions or of uniformly continuous bounded functions led to consider a class of semigroups of operators for which the usual strong continuity fails to hold. For instance the Ornstein-Uhlenbeck semigroup on the space of uniformly continuous bounded functions on R N or even the heat semigroup on the space of bounded continuous functions on R N are not C 0 -semigroups with respect to the sup-norm.
It was then natural to look for suitable locally convex topologies weaker than the norm topology to treat the lack of strong continuity. The results of this paper are given in the general framework introduced by Kühnemund [24] in this direction. Her approach goes back to Cerrai and Priola [8, 30] , who considered, on the space U C b (H) of bounded uniformly continuous functions on a Hilbert space H, the uniform convergence on compact sets (or the pointwise convergence) of equibounded sequences (the so-called K-and π-convergence). This type of convergence turned out to be a powerful tool for the study of transition Markov semigroups arising from stochastic differential equations.
In particular, in [24] Kühnemund gave a unified approach in an abstract setting, by considering the so-called bi-continuous semigroups, i.e., semigroups of bounded linear operators on a Banach space which are locally bi-equicontinuous with respect to an additional locally convex topology τ coarser than the norm topology and such that the orbit maps t → T (t)x are continuous with respect to this topology, for any x ∈ X.
In this paper we introduce and study the main properties and the convergence of the Cesàro means of bi-continuous semigroups. More precisely, we prove some results on the τ -convergence of the Cesàro means of bi-continuous semigroups with respect to the topology τ , similar to the classical theorems for C 0 -semigroups (see e.g., [17] and [14] ). Moreover, we apply the results to Feller semigroups generated by autonomous and non autonomous second-order differential operators with unbounded coefficients in C b (R N ).
Preliminaries
In this section we introduce some notation and recall definitions and results from [24] that we use throughout the paper.
Let (X, · ) be a Banach space and let τ be a locally convex topology on X. We denote by X ′ the topological dual of X with respect to the · -topology and by X ′ τ the topological dual of X with respect to τ . We assume also that the following conditions hold.
Assumptions 2.1. Let (X, · ) be a Banach space. Suppose that there exists a locally convex topology τ on X such that the following properties are satisfied:
• every · -bounded τ -Cauchy sequence converges in (X, τ );
• the topology τ is coarser than the · -topology;
• X ′ τ is norming for X, i.e., for all x ∈ X x = sup
In the following we denote by P τ a family of seminorms defining the locally convex topology τ . Since the topology τ is coarser than the · -topology, we may assume without loss of generality that p(x) ≤ x for all x ∈ X and p ∈ P τ . Following Kühnemund [24] , we introduce the following definitions. Definition 2.2. A family T (t) t≥0 of bounded operators on a Banach space (X, · ) satisfying Assumptions 2.1, is called a bi-continuous semigroup with respect to τ if the following conditions hold:
(i) T (0) = I and T (t + s) = T (t)T (s) for all t, s ≥ 0; (ii) there exist M ≥ 1 and ω ∈ R such that T (t)x ≤ M e ωt x for all t ≥ 0 and x ∈ X; (iii) T (t) t≥0 is strongly τ -continuous, i.e., the map [0, ∞[ ∋ t → T (t)x ∈ X is τ -continuous for each x ∈ X; (iv) T (t) t≥0 is locally bi-equicontinuous, i.e., for every · -bounded sequence (x n ) n∈N which is τ -convergent to x we have τ − lim n→∞ T (t)x n = T (t)x, uniformly on bounded intervals of [0, ∞[ .
For a bi-continuous semigroup T (t) t≥0 the number
ω 0 := inf{ω ∈ R : there exists M ≥ 1 such that T (t) L(X) ≤ M e ωt for all t ≥ 0} is called the growth bound of the semigroup. Let T (t) t≥0 be a bi-continuous semigroup on (X, · ) with respect to τ , where X satisfies Assumptions 2.1. Since the space X τ is norming for (X, · ), the τ -Laplace transform R(λ) of the semigroup T (t) t≥0 defined by
for any x ∈ X, is well defined for all λ ∈ C with Re λ > ω 0 and x ∈ X (the integrals have to be understood as τ -Riemann integrals). Moreover, the family of operators (R(λ)) λ∈C,Re λ>ω0 satisfies the resolvent identity as well as the estimate
for all λ ∈ C with Re λ > ω > ω 0 . Further, since λR(λ)x τ -converges to x as λ → ∞, each operator R(λ) is injective. Hence (R(λ)) λ∈C, Reλ>ω0 is a resolvent family. Following the approach in [24] , the generator of the bi-continuous semigroup T (t) t≥0 can thus be defined as the unique closed operator A :
Another and equivalent way to introduce the τ -generator (A, D(A)) of a bi-continuous semigroup T (t) t≥0 is to define
Finally, we recall the following main properties of (A, D(A)) (see [24, Section 3] ).
Properties 2.3. Let (X, · ) satisfy Assumptions 2.1. Let T (t) t≥0 be a bi-continuous semigroup on X with respect to τ and let (A, D(A)) be its τ -generator. Then, the following properties hold:
for all t ≥ 0 and the map t → T (t)x is continuously differentiable in t with respect to τ with
for all t ≥ 0; (2) x ∈ D(A) and Ax = y if and only if
Ax n τ → y, with (x n ) n∈N and (Ax n ) n∈N · -bounded, we have x ∈ D(A) and Ax = y; (4) D(A) is bi-dense in X, i.e., for every x ∈ X there exists a · -bounded sequence (x n ) n∈N ⊂ D(A) which is τ -convergent to x; (5) the subspace X 0 = D(A) · is invariant for the semigroup T (t) t≥0 and (T (t) |X0 ) t≥0 is the strongly continuous semigroup generated by the part of A in X 0 .
For further results on bi-continuous semigroups we refer the reader to [2, 3, 18, 19, 23, 24] .
Mean Ergodic Theorems
Throughout this section, we will always assume that (X, · ) is a Banach space satisfying Assumptions 2.1.
Let T (t) t≥0 be a bi-continuous contraction semigroup on (X, · ) with respect to τ . For each r > 0 we define the operator C(r) : X → X by setting
for all x ∈ X, where the integral has to be understood as a τ -Riemann integral. The family of operators (C(r)) r>0 is called the Cesàro means of the semigroup T (t) t≥0 . Here, we study the main properties and the τ -convergence of the Cesàro means (C(r)) r>0 of the semigroup T (t) t≥0 , starting with the following results.
Proposition 3.1. Let T (t) t≥0 be a bi-continuous contraction semigroup on (X, · ) with respect to τ . For every r > 0 the ergodic mean C(r) is a bounded linear operator on (X, · ). Moreover, for every x ∈ X and every · -bounded sequence (x n ) n∈N which is τ -convergent to x we have
uniformly on bounded intervals of [0, ∞[ . Proof. The linearity of the operator C(r) for any r > 0 follows easily from the linearity of the semigroup. Similarly, the boundedness of C(r) for any r > 0 is an easy consequence of the boundedness of the semigroup and the hypothesis that X ′ τ is norming for X. Indeed, we have
for all x ∈ X. Now, fix x ∈ X and let (x n ) n∈N be a · -bounded sequence such that τ -converging to x as n → ∞. The local bi-equicontinuity of the semigroup implies that T (t)x n τ -converges to T (t)x as n → ∞, uniformly on bounded intervals of [0, ∞[ . Hence, for every t 0 > 0, p ∈ P τ and ε > 0, there exists ν ∈ N such that sup t∈ [0,t0] p(T (t)(x n − x)) < ε, for all n > ν. As a byproduct, we have
for every r ∈ [0, t 0 ] and n > ν. Thus, the claim is proved.
Lemma 3.2. Let T (t) t≥0 be a bi-continuous contraction semigroup on (X, · ) with respect to τ and let (A, D(A)) be its τ -generator. Then, we have
Proof. If x ∈ kerA = {x ∈ D(A) : Ax = 0}, we have, by Property 2.3(1),
for every t ≥ 0 and, hence, x ∈ fix T (t) t≥0 . Conversely, if T (t)x = x for every t ≥ 0, then (T (t)x− x)/t clearly converges to 0 with respect to τ and, hence, x ∈ D(A) with Ax = 0.
Proposition 3.3. Let T (t) t≥0 be a bi-continuous contraction semigroup on (X, · ) with respect to τ and let (A, D(A)) be its τ -generator. Then, the Cesàro means (C(r)) r>0 of the semigroup T (t) t≥0 satisfy the following properties:
(ii) for every t, r > 0
Proof. Properties (i) and (ii) follow directly from the definition of the τ -Riemann integral, the strongly τ -continuity of the semigroup and the semigroup law. In order to prove (iii), assume that for some x ∈ X C(r)x τ -converges to y ∈ X as r → ∞. Let (r n ) n∈N ⊂ [0, ∞[ be an increasing sequence going to ∞ as n → ∞. Since C(r n )x ≤ x for each n ∈ N by (3.1), the sequence (C(r n )x) n∈N is · -bounded and τ -converges to y. So, from (3.2) and the local bi-continuity of the semigroup T (t) t≥0 , it follows that
for every t > 0. This proves that y ∈ fix T (t) t≥0 .
Definition 3.4.
A contraction bi-continuous semigroup T (t) t≥0 on (X, · ) with respect to τ is said to be τ -mean ergodic if C(r)x τ -converges in X for any x ∈ X.
For τ -mean ergodic semigroups we can define the operator
We observe that P is a bounded operator on X. Indeed, by (3.1) and by the fact that X ′ τ is norming for (X, · ), we have
for all x ∈ X. In the next lemma, we show that P is in fact a projection. For this reason, P is called the τ -mean ergodic projection associated with T (t) t≥0 .
Lemma 3.5. Let T (t) t≥0 be a bi-continuous contraction semigroup on (X, · ) with respect to τ and let (A, D(A)) be its τ -generator. If T (t) t≥0 is τ -mean ergodic, then the operator P is a projection on X such that
3)
for all t ≥ 0. Therefore, X can be decomposed into the direct sum
where
Proof. By Proposition 3.3(iii) and Lemma 3.2, it follows that P x ∈ fix T (t) t≥0 . This clearly shows that P x = T (t)P x for any t > 0 and any x ∈ X. To prove that P commutes with T (t) for any t > 0, it suffices to observe that C(n) commutes with T (t) for any n ∈ N and any t > 0 (see (3.2) ). Since the sequence (C(n)x) n∈N is · -bounded and τ -converges to P x as n → ∞, for any x ∈ X and the semigroup T (t) t≥0 is bi-continuous, T (t)C(n)x τ -converges to T (t)P x as n → ∞ for any t > 0. Hence, letting n → ∞ in the relation T (t)C(n)x = C(n)T (t)x, we obtain T (t)P x = P T (t)x. Finally, we observe that
for all r > 0 and x ∈ X, thereby implying that P x = P 2 x for all x ∈ X as r → ∞. Thus, (3.3) is proved.
Let us now prove properties (i)-(iii).
(i). Since P is a bounded projection on (X, · ) we can decompose X into the direct sum X = rgP ⊕ ker P.
As we have already remarked, P x ∈ fix T (t) t≥0 for all x ∈ X. Conversely, let x ∈ fix T (t) t≥0 . Then
for all r > 0; letting r → ∞ we obtain P x = x and hence x ∈ rgP so that (i) is proved.
(ii). Let y = x − T (t)x for some t > 0 and x ∈ X. By Proposition 3.3(ii), we have
letting r → ∞, we deduce P y = 0, i.e., y ∈ ker P , since T (t) t≥0 is a contraction semigroup.
So, we can conclude that ker P ⊃ Z · , where Z := span{x − T (t)x : x ∈ X, t ≥ 0}.
In order to show the other inclusion, let us fix ϕ ∈ X ′ τ vanishing on Z. Then, for all t ≥ 0 and x ∈ X we have 0 = x − T (t)x, ϕ = x, ϕ − T (t)x, ϕ and, therefore,
If x ∈ ker P , it follows that
We have so shown that, if any ϕ ∈ X ′ τ vanishes on Z, then it vanishes on ker P , too. Now, suppose that ker P is not contained in Z τ . Then, there exists x 0 ∈ ker P such that
By the Hahn-Banach theorem, there exists ϕ ∈ X ′ τ such that
for all x ∈ X and t ≥ 0; but (3.4) is a contradiction, because, by the previous argument, ϕ(x 0 ) should be 0.
(iii). Let us fix y ∈ rgA and let x ∈ D(A) be such that y = Ax. As (A, D(A)) is the τ -generator of T (t) t≥0 , we have
and so y ∈ Z τ . Thus, we can conclude that rgA τ ⊂ Z τ . To show the converse inclusion, take any y = x − T (t)x ∈ Z. As D(A) is bi-dense in X by Property 2.3(4), there exists a · -bounded sequence (x n ) n∈N ⊂ D(A) which is τ -convergent to x, thereby implying that
as T (t) t≥0 is a bi-continuous semigroup with respect to τ . On the other hand, by Property 2.3(2)
for all n ∈ N. Combining (3.5) and (3.6), we obtain that y ∈ rgA τ . So,
For strongly continuous semigroups it is well known that the ergodicity of the semigroup can be stated equivalently in terms of the strong convergence of the operator λR(λ, A) as λ → 0 + (see e.g., [15, Theorem 5.1]). We are going to show that an analogous property is satisfied by bi-continuous semigroups. To achieve this goal, we begin by proving the following theorem, which is the proper version in ]0, ∞[ of Wiener's theorem (see [34, Theorem 3 p. 357] or [33, Theorem 9.7] ).
for every ξ ∈ R. Then, the linear span of the set {f α } α>0 of functions defined by
Proof. Consider the map F :
for all g ∈ L 1 (R). Clearly, F is an isometry with inverse F −1 h(y) = e y h(e y ) for every y ∈ R and any h ∈ L
for every ξ ∈ R, i.e., the Fourier transform of
we can apply Wiener's theorem, obtaining that for every ε > 0 there exist n ∈ N, β 1 , . . . , β n ∈ C and σ 1 , . . . , σ n ∈ R such that
Setting α i = e σi and γ i = β i α i for each i = 1, . . . , n, (3.9) gives
This completes the proof.
We can now show the following fact.
for some a ∈ X, then
Proof. We first prove that property (3.10) holds for every
, for all α, x > 0. For this purpose, we fix α > 0 and p ∈ P τ and observe that
where we have set µ = λα in the first integral and s = αt in the second one. So, letting λ → 0 + (and hence µ → 0 + ), we obtain
By the arbitrariness of p ∈ P τ and by linearity, property (3.10) holds for every f ∈ span{K α : α > 0}.
Then, for every p ∈ P τ we have
Observe that (3.12) tends to zero as λ → 0 + for all n ∈ N as (σ n ) n∈N ⊂ span{K α : α > 0}. On the other hand, (3.11) and (3.13) tend to zero as n → ∞ by the dominated convergence theorem because
It is now immediate to conclude that the first side of the previous chain of inequalities vanishes as λ → 0 + , accomplishing the proof.
We are now able to show that the τ -mean ergodicity of a bi-continuous contraction semigroup T (t) t≥0 can be also characterized in terms of the τ -convergence of its resolvent operator R(λ, A).
Proposition 3.8. Let T (t) t≥0 be a contraction semigroup on (X, · ), bi-continuous with respect to τ , and let (A, D(A)) be its τ -generator. Then, the following statements are equivalent:
(i) T (t) t≥0 is τ -mean ergodic, i.e., C(r)x τ -converges in X as r → ∞, for every x ∈ X; (ii) λR(λ, A)x τ -converges in X as λ → 0 + , for every x ∈ X.
Moreover, if one of these limits exists, then τ -lim r→∞ C(r)x = τ -lim λ→0 + λR(λ, A)x; consequently, P x = τ -lim λ→0 + λR(λ, A)x.
Proof. (i)⇒(ii). Assume that T (t) t≥0 is τ -mean ergodic and fix x ∈ X. By Definition 3.4, τ -lim r→∞ C(r)x = P x ∈ X. Since the semigroup is contractive, it has growth bound ω 0 ≤ 0 and, hence, λ ∈ ρ(A) for every λ > 0 with
for any x ∈ X. Integrating by parts in (3.14) we obtain
As λ 2 ∞ 0 se −λs ds = 1, for any p ∈ P τ we have
where by (i) p(C(t/λ)x − P x) → 0 as λ → 0 + for every t > 0. By the dominated convergence theorem, it follows that p(λR(λ, A)x − P x) → 0 as λ → 0 + . This completes the proof. (ii)⇒(i). Fix x ∈ X. By assumption λR(λ, A)x τ -converges to some a ∈ X as λ → 0 + . Let us observe that, by setting λ = 1/r, we have
So, it suffices to prove that
In order to do this, we observe that for every λ > 0
because the Euler function Γ nowhere vanishes in C \ Z − (for the integral representation of the Euler function and its main properties we refer to [31, Chapter 2, Sections 8 and 15]). By assumption
Since T (·)x is · -bounded and τ -continuous, and
we can then apply Lemma 3.7 to conclude that there exists
By (3.15) , this completes the proof.
Remark 3.9. Note that also the implication (ii)⇒(i) can be proved applying Wiener's theorem. We have preferred to provide here a direct proof for the sake of simplicity.
The τ -mean ergodicity of a bi-continuous contraction semigroup can be also described by the following series of properties. Theorem 3.10. Let T (t) t≥0 be a contraction semigroup on (X, · ), bi-continuous with respect to τ , and let (A, D(A)) be its τ -generator. Consider the following assertions: (a) T (t) t≥0 is τ -mean ergodic; (b) the Cesàro means (C(r)) r>0 converges in the τ -weak operator topology as r → ∞, i.e., C(r)x, ϕ converges as r → ∞ for every ϕ ∈ X ′ τ and x ∈ X; (c) for every x ∈ X there exists an unbounded sequence (r n ) n∈N 
(e) the fixed space fix T (t) t≥0 = ker A separates the dual fixed space fix(T (t)
Further, if for every · -bounded sequence (x n ) n∈N , which is τ -weak convergent to x, it holds that
Finally, if the semigroup is equicontinuous, i.e., for every p ∈ P τ there exist c p ≥ 1 and q ∈ P τ so that
for all x ∈ X, t ≥ 0, then (e)⇒(a).
Proof. The proof of (a)⇒(b)⇒(c) is immediate and, hence, we skip it. (c)⇒(d). Let x ∈ X and (r n ) n∈N ⊂ R + be an unbounded sequence as in (c). Then, up to a subsequence we can assume that C(r n )x τ -weak converges to some y ∈ X as n → ∞. By condition (3.16), for any t > 0, (I − T (t))C(r n )x converges to y − T (t)y as n → ∞ with respect to the τ -weak topology. Moreover, by Proposition 3.3(ii) we have
for all n ∈ N. Hence, (I − T (t))C(r n )x → 0 in (X, · ) as n → ∞. By the uniqueness of the limit, we obtain that y − T (t)y = 0. The arbitrariness of t ≥ 0 implies that y ∈ fix T (t) t≥0 .
On the other hand, by Proposition 3.
which is clearly a τ -weak closed set of X, therefore implying that y ∈ co{T (t)x :
The proof is along the lines of the proof of the implication (c)⇒(d). Hence, we skip the details.
(d)⇒(e). Let us fix
By assumption there exists x ∈ co{T (t)
and, analogously, we have y, y ′ = x 0 , y ′ .
Since x ′ , y ′ are τ -continuous in X, it follows that y, x ′ = x 0 , x ′ and y, y ′ = x 0 , y ′ for all y ∈ co{T (t)x 0 : t ≥ 0} τ . In particular, since x ∈ co{T (t)x 0 : t ≥ 0} τ , we have
We first observe that condition (3.17) implies that
for all x ∈ X, r > 0. Let us consider the subspace
of X. (To show that the two subspaces constituting G intersect in 0 only, it suffices to recall that fix T (t) t≥0 = rgP , ker P ⊃ span{x − T (t)x : x ∈ X, t ≥ 0} and ker
. Since x, x ′ = 0 for all x ∈ fix T (t) t≥0 too, and by assumption fix T (t) t≥0 separates the space X ′ τ ∩ fix(T ′ (t)) t≥0 , we can then conclude that x ′ = 0 (otherwise there would exist x 0 ∈ fix T (t) t≥0 such that x 0 , x ′ = 0). By the arbitrariness
To prove that T (t) t≥0 is τ -mean ergodic, it now suffices to prove that 18) in X τ as n → ∞ for any x ∈ X. Indeed, if (3.18) holds true, then for every r > 0
where n = [r] and α = r − n ∈ [0, 1[ . Therefore,
To prove (3.18), let us fix p ∈ P τ and ε > 0, and let x ∈ G satisfy q(x − x) < εc p /3 (c p and q are chosen according to (3.17) ). Since x ∈ G, the · -bounded sequence (C(n)x) n∈N converges in (X, · ), say to y, and hence (C(n)x) n∈N is a Cauchy sequence in (X, · ). So, there exists n 0 ∈ N such that C(n)x − C(m)x < ε 3 for all n, m ≥ n 0 . Combining all these facts, we get that, for all m, n ≥ n 0 ,
The arbitrariness of ε and p imply that (C(n)) n∈N is a · -bounded τ -Cauchy sequence and, hence, it converges in X τ by Assumptions 2.1.
Remark 3.11. Assume that the following conditions are satisfied:
(1) there exists another norm |·| on X such that the inclusion (X, τ ) ֒→ (X, |·|) is continuous; (2) the topology τ and the | · |-topology coincide on the bounded sequences of (X, · ); (3) there exists M ≥ 1 such that |T (t)x| ≤ M |x| for all t ≥ 0 and x ∈ X.
Then the implication (e)⇒(a) holds even without the assumption on the boundedness of T (t) t≥0 with respect to τ . Indeed, as in the proof of Theorem 3.10, it suffices to show only that C(n)x → y in X τ (for some y ∈ X). Fix ε > 0 and let x ∈ G satisfy |x − x| < ε/3M
(note that G τ = X implies G |·| = X by (1)). Since (C(n)x) n∈N is a Cauchy sequence in (X, · ) and hence in (X, | · |), there exists n 0 ∈ N such that |C(n)x − C(m)x| ≤ c C(n)x − C(m)x < ε 3 for all n, m ≥ n 0 (note that by Assumptions 2.1 and condition (1) above there exists a constant c > 0 such that |x| ≤ c x for every x ∈ X). Further, notice that |C(r)x| ≤ M |x| for any x ∈ X and any r > 0. Indeed, the function t → T (t)x is continuous with respect to | · | in [0, ∞[ . Hence, it is | · |-Riemann integrable in any bounded interval of [0, ∞[ . Moreover, the Riemann sums whose limit defines C(r) constitute a · -bounded set in X. Since τ and | · | define the same topology on the · -bounded sets of X by (2), Taking all the previous remarks into account, we can infer that
This means that (C(n)x) n∈N is a | · |-Cauchy sequence and, hence, a τ -Cauchy sequence by (2) , as the sequence (C(n)x) n∈N is · -bounded. Assumptions 2.1 imply that C(n)x τ -converges in X.
Denote by τ m the finest locally convex topology on X agreeing with τ on the bounded sets of (X, · ). Actually, τ m is the so-called mixed topology and we refer to [35] for more details. Then, Theorem 3.10 can be reformulated as follows.
Theorem 3.12. Let T (t) t≥0 be a contraction semigroup on (X, · ) which is bi-continuous with respect to τ and let (A, D(A)) be its τ -generator. Consider the following properties:
(a) T (t) t≥0 is τ -mean ergodic; (b) the Cesáro means (C(r)) r>0 converge in the τ m -weak operator topology as r → ∞, i.e., C(r)x, ϕ converges as r → ∞ for every ϕ ∈ X ′ τm and x ∈ X; (c) for every x ∈ X there exists an unbounded sequence (r n ) n∈N ⊂ R + such that (C(r n )x) n∈N has a τ m -weak accumulation point in X; (d) for every x ∈ X one has co{T (t)x : t ≥ 0} τm ∩ fix T (t) t≥0 = ∅;
Then, (a)⇒(b)⇒(c), (d)⇒(e). Moreover, if the topology τ is metrizable, then (c)⇒(d)
Proof. It suffices to recall that the topologies τ and τ m coincide on the · -bounded sets. This assures that C(r)x τ -converges ⇐⇒ C(r)x τ m -converges as r → ∞ via identity (3.19) . Therefore, (a) implies that T (t) t≥0 is τ m -mean ergodic. Then the τ m -mean ergodicity clearly implies (b). 
Examples
In this section, we show some application of the results in the previous sections to semigroups associated with second-order elliptic operators A with possibly unbounded coefficients. We consider both the case of autonomous and nonautonomous operators.
The autonomous case.
In this subsection, we will consider semigroups of linear continuous operators on the Banach space (C b (R N ), · ∞ ) that are bi-continuous with respect to the topology τ c of the uniform convergence on compact sets of R N . Let A be the second-order elliptic partial differential operator (with possibly unbounded coefficients) defined on smooth functions u by
Autonomous differential operators with unbounded coefficients on R N have been investigated intensively in recent years after the seminal paper [11] (see, e.g., [1, 4, 5, 6, 8, 27, 28, 29, 30] and the references therein) both in spaces of continuous functions and in suitable L p -spaces. We now recall some results on the differential operator A defined in (4.1), that we need in what follows, from the survey paper [28] , under the following (minimal) assumptions on the coefficients: 1) the coefficients q ij , b i , c ∈ C 0,α loc (R N ) for some 0 < α < 1; 2) q ij = q ji for every i, j = 1, . . . , N and the ellipticity condition
is satisfied, where inf K ν > 0 for every compact set K ⊂ R N .
In [28] the authors presented a very elegant construction of a semigroup (T (t)) t≥0 of positive contractions on C b (R N ) associated with the operator A. In fact, for any f ∈ C b (R N ), T (t)f gives, for positive f ∈ C b (R N ), the value at t > 0 of the minimal positive bounded classical solution of the parabolic problem
Here, by classical solution, we mean a function
which solves the Cauchy problem. Moreover,
, where p is a positive and smooth function (for further properties of p we refer to [28, Theorems 4.4, 4.5] ). Using this representation formula, it is immediate to check that the semigroup (T (t)) t≥0 is irreducible, that is T (t)f (x) > 0 for every t > 0, x ∈ R N whenever f ≥ 0, f = 0. Moreover, (4.2) combined with Schauder interior estimates show that (T (t)) t≥0 has the strong Feller property, i.e., T (t)f ∈ C b (R N ) for every bounded Borel function f . In particular, (T (t)) t≥0 is not strongly continuous in C b (R N ), but T (t)f tends to f as t → 0, uniformly on compact subsets of R N (this is a typical behaviour for semigroups associated with elliptic operators with unbounded coefficients). This property assures that the semigroup T (t) t≥0 is bi-continuous with respect to τ c . Therefore, the τ c -generator ( A, D) of (T (t)) t≥0 can be defined through the Laplace transform of the semigroup following the approach of [24] .
The connection between A and A is the following. By 
A probability measure µ defined on the Borel subsets of R N is called an invariant measure for the semigroup (T (t)) t≥0 if for every f ∈ C b (R N ) and t ≥ 0,
Whenever an invariant measure exists, T (t)1 = 1 for every t ≥ 0 and, hence, λ−A is injective on D max (A) and the τ c -generator of (T (t)) t≥0 is (A, D max (A)) (see [28, 
where B = (b ij ) and Q = (q ij ) are N × N matrices, Q being positively defined, a necessary and sufficient condition for the existence of an invariant measure of the associated semigroup (the so called Ornstein-Uhlenbeck semigroup) is available. More precisely, an invariant measure exists (and in this case is unique) if and only if the spectrum of B is contained in the left half-plane {λ ∈ C : Re λ < 0} (see e.g., [13, Section 11.2.3] ). For more general elliptic operators A, a sufficient condition for the existence of an invariant measure is the Has'minskii theorem, which requires the existence of a Lyapunov function V ∈ C 2 (R N ) blowing up as |x| → ∞, such that AV (x) → −∞ as |x| → ∞. For more information about invariant measures we refer to [12] and [32] (see also [6] and [9] ).
If the semigroup (T (t)) t≥0 has an invariant measure µ, then it extends to a strongly continuous semigroup of positive contractions on L p (µ) = L p (R N , dµ) for every 1 ≤ p < ∞, that we still denote by T (t) t≥0 . Moreover, the measure µ is ergodic (see [9, Theorem 7.2.2 and Proposition 7.2.1]), i.e., for every f ∈ L 2 (µ)
. On the other hand, if 1 ≤ p < 2, by the Hölder inequality with conjugate exponents 2/p and 2/(2 − p), we have
We are now ready to state and prove the main result of this section.
Theorem 4.1. The semigroup T (t) t≥0 is τ c -mean ergodic if and only if it admits an invariant measure µ. In this case,
Proof. To begin with, let us assume that T (t) t≥0 admits an invariant measure µ and let us show that it is τ c -mean ergodic and satisfies (4.4). For this purpose, fix f ∈ C b (R N ) and, for each λ > 0, set u λ = λR(λ, A)f . In order to prove the τ c -mean ergodicity of the semigroup T (t) t≥0 , by Proposition 3.8 it suffices to show that u λ converges with respect to τ c to some function v ∈ C b (R N ) as λ → 0 + . By the remarks before the statement of the theorem, each function u λ belongs to D max (A), it solves the equation λu λ − Au λ = λf and, by estimate (2.1), it satisfies the following estimates
holds for every 1 < p < ∞, any R > 0 and some positive constant C depending only on p, R and the operator A (see e.g., [21, Theorem 9.11]). Combining (4.5) and (4.6), we obtain that there exist λ 0 > 0 and a constant C 1 > 0 such that
for all λ ∈]0, λ 0 ]. It follows that the family (u λ ) λ∈]0,λ0] is uniformly bounded in W 2,p (B(0, R)) for every 1 < p < ∞ and every R > 0. Now, we fix p > N and consider a sequence (λ n ) n∈N ⊂ ]0, λ 0 ] such that λ n → 0 + as n → ∞. By (4.7) and the Ascoli Arzelà theorem, we deduce the existence of a subsequence (λ n k ) k∈N of (λ n ) n∈N and a function v ∈ C b (R N ) such that u λn k → v uniformly on B(0, R) for any R > 0, as k → ∞. It easily follows that
, it follows that v = f µ-a.e. in B(0, R) and, hence, a.e. in B(0, R) with respect to the Lebesgue measure as µ and the Lebesgue measure are equivalent. This is enough to conclude that u λ → f uniformly on compact sets as λ → 0 + . Indeed, if, by contradiction, this were not true, there would exist a sequence (λ n ) n∈N ∈ ]0, λ 0 ] and two positive constants R and M such that u λn − f C(B(0,R)) > M for every n ∈ N. But this is a contradiction, since the above arguments applied to the sequence (u λn ) n∈N , show that we can extract a subsequence (u λn k ) k∈N which converges uniformly to f on B(0, R) as k → ∞.
Let us now suppose that T (t) t≥0 is τ c -mean ergodic and show that is admits an invariant measure. Let P be the τ c -mean ergodic projection associated with the semigroup T (t) t≥0 . We claim that there exists x ∈ R N such that (P 1l)(x) = 0. On the contrary, suppose that this is not the case. Formula (4.2) implies that T (t)f ≤ f ∞ T (t)1l for any f ∈ C b (R N ). It follows that P f ≤ f ∞ P 1l. Hence, if P 1l ≡ 0, then P f ≡ 0 as well, for any nonnegative f ∈ C b (R N ). Splitting a general function f ∈ C b (R N ) into its positive and negative parts, one easily realizes that P f ≡ 0 for any f ∈ C b (R N ). Since, by Lemma 3.5(i), the range of P equals the kernel of the τ c -generator of the semigroup T (t) t≥0 , this would imply that ker A = {0}, which clearly is not the case since the kernel of A contains all the constants. So, let us fix x ∈ R N such that P 1l(x) = 0. Since P is a bounded operator in C b (R N ) and T (t) t≥0 is a positivity preserving semigroup, the map f → P f (x) is a positive functional on (C b (R N ), · ∞ ). By the Riesz representation theorem (see e.g., [33, Theorem 2.14]), there exists a finite positive Borel measure µ x on R N such that
. Taking advantage of (3.3) we can write
for any f ∈ C b (R N ) and any t > 0. Up to a normalization, we can assume that µ x is a probability measure. Formula (4.8) thus shows that µ x is an invariant measure of T (t) t≥0 .
Remark 4.2. We remark that in [13, Theorem 4.2.1] the authors show that, whenever T (t) t≥0 admits an invariant measure µ, the function T (t)f converges to P f pointwisely in R N as t → ∞ for any f ∈ C b (R N ) and hence, T (t) t≥0 is mean ergodic with respect to the topology τ p of the bounded pointwise convergence.
From all the previous results, we can now show that T (t) t≥0 is τ c -mean ergodic if and only if it is τ p -mean ergodic. Clearly, since the topology τ p is coarser than the topology τ c , if T (t) t≥0 is τ c -mean ergodic, then it is τ p -mean ergodic as well. On the other hand, it is well known that, for any t > 0, T (t) is continuous from (X, τ p ) into (X, τ c ), i.e., for any bounded sequence (f n ) n∈N ∈ C b (R N ) which converges pointwisely in R N to some function f ∈ C b (R N ), the sequence (T (t)f n ) n∈N is bounded and converges to T (t)f locally uniformly in R N (see [28, Proposition 4.6] ). Since the topology τ p satisfies Assumptions 2.1, if T (t) t≥0 is τ p -mean ergodic, then by Lemma 3.5 the corresponding τ p -mean ergodic projection P τ commutes with T (t) and T (t)P τ = P τ for any t > 0. Now, the arguments in the second part of the proof of Theorem 4.1 show that T (t) t≥0 admits an invariant measure and, hence, it is τ c -mean ergodic. Clearly, the τ p -and τ c -mean ergodic projections coincide. In particular, the τ p -mean (or τ c -mean) ergodicity is then equivalent to the τ p -convergence of T (t) to a projection on C b (R N ) as t → ∞.
Remark 4.
3. An example of a not mean-ergodic bi-continuous semigroup is given by the left translation (semi)group (T l (t)) t∈R on C b (R). By [23, 24] we know that (T l (t)) t∈R is a bi-continuous contraction (semi)group on (C b (R), · ∞ ) with respect to τ c , with
being the space of all the differentiable functions on R, with continuous and bounded derivatives). In particular, (T l (t)) t∈R is not be τ c -mean ergodic. Indeed, a counterexample is given in [17, Chapter V, Examples 4.12] . Let f ∈ C b (R) be defined piecewisely as follows:
0, elsewhere in R.
A straightforward computation reveals that
where o(1) denotes terms which tend to 0 as n → ∞. It follows that C(r)f (0) does not converge as r → ∞, implying that the semigroup is not τ c -mean ergodic.
Another proof of the fact that T l (t) t≥0 is not τ c -mean ergodic can be obtained adapting the arguments in the second part of the proof of Theorem 4.1. Indeed, by contradiction suppose that T l (t) t≥0 is τ c -mean erdodic. Then, the projection P can be identified with a positive functional on C b (R) since the kernel of the operator Au = u ′ consists of constant functions only. Therefore, there exists a finite positive Borel measure µ such that
for any f ∈ C b (R). By density, the previous formula can be extended to any bounded Borel measurable function f . Hence, writing (4.9) with t = n ∈ N ∪ {0} and
implying that µ([0, ∞[) = 0. Applying the same argument to the function
As a byproduct, it follows that 0 = µ(R) = P 1l. But this is a contradiction since it implies that P f = 0 for any f ∈ C b (R), i.e., kerA = {0}, which is not the case.
4.2.
A second application: the nonautonomous case. Let now consider the case when the coefficients of the operator A depend on time, i.e., the case when
In [22, 25, 26] such operators have been extensively studied both in periodic and nonperiodic settings. Here, we confine ourselves to the case of T -periodic coefficients analyzed in [22, 26] . We denote by T the torus T = [0, T ] mod. T , and assume the following standing hypotheses on the coefficients: 1) the coefficients q ij and b i (i, j = 1, . . . , N ) are T -time periodic and belong to C α/2,α loc (T × R N ) for any i, j = 1, . . . , N and some α ∈ (0, 1); 2) for every (s, x) ∈ R 1+N , the matrix Q(s, x) = (q ij (s, x)) is symmetric and there exists a function η : T × R N → R such that 0 < η 0 := inf T×R N η and
3) there exist a positive function V ∈ C 2 (R N ) and constants a, c > 0 such that
Under the previous set of assumptions, in [22] it has been shown that an evolution operator (P (t, s)) can be associated with the operator
is the value at r of the unique bounded classical solution to the Cauchy problem
Here, by classical solution we mean a function
) which solves the above Cauchy problem. A variant of the classical maximum principle, which can be proved under assumption 3), shows that P (t, s) is a contraction in C b (R N ) for any s ≤ t. Moreover, since the coefficients of the operator A(t) are T -periodic, P (t+T, s+T )f = P (t, s) for any s, t ∈ R such that s < t.
Further, the previous set of assumptions imply that a periodic evolution system of measures (also called entrance laws at −∞ in [16] ) can be associated with the evolution operator P (t, s), i.e., there exists a one-parameter family of probability measures {µ s : s ∈ R} such that
for any f ∈ C b (R N ). Evolution systems of measures are the natural counterpart of invariant measures for nonautonomous operators.
By [25, Proposition 2.10] , the previous one is the only periodic evolution system of measures of (P (t, s)). Note that the nonperiodic evolution systems of measures are, in general, infinite many. See for instance [20] where they have been all characterized in the particular case when A(t) is the nonautonomous Ornstein-Uhlenbeck operator.
Let us define a measure in T × R N by extending to the σ-algebra of all the Borel sets of T × R N the set-valued function defined by
for any pair of Borel sets A ⊂ T and B ⊂ R N . The measure µ turns out to be the (unique) invariant measure of the evolution semigroup (also called Howland semigroup) (T (t)) t≥0 defined by
It follows immediately that (T (t)) t≥0 can be extended to a strongly continuous semigroup to
with respect to the topology of uniform convergence on compact sets of T × R N , each operator T (t) being a · ∞ -contraction. If we denote by G p the infinitesimal generator of the semigroup (T (t)) t≥0 in L p (R 1+N , µ), it follows that G p extends the operator Gϕ := A(t)ϕ−D t ϕ defined on smooth and T -periodic (with respect to t) functions ϕ. In particular, [26, Proposition 6.7] shows that the set From now on the proof can be carried over as in the proof of Proposition 4.1 taking into account that the measure µ is equivalent to the Lebesgue measure (see [7, Theorem 3.8] ). This proves the first part of the proposition.
To complete the proof, we observe that, since C b (R N ) continuously embeds into C b (T × R N ), and (T (t)f )(s, x) = (P (s, s − t)f )(x) for any (s, x) ∈ R 1+N and any t > 0, the result so far proved shows that Of course, it suffices to prove the previous property for nonnegative functions. The general case then will follow splitting f into its positive and negative parts. Fix t > T and split t = nT + r for some n ∈ N and some r ∈ [0, T ). Then, Remark 4.5. Formula (4.10) states a convergence to 0 in integral mean of P (t, s)f − m s f . Under stronger assumptions than those we are assuming here, it is possible to prove that τ c -lim s→∞ (P (t, s)f − m s f ) = 0, for any fixed t. We refer the reader to [25] for more details.
